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An analytical framework for calculating the filtration efficiency of polydisperse aerosols in a granular bed is developed
for cases where inertial impaction and interception are the principal filtration mechanisms. This framework is used to
develop a model for the polydisperse single-collector efficiency from monodisperse single-collector efficiency correla-
tions. Conceptually, the polydisperse model is developed by transforming the probability density of particle radius into
a probability density of particle Stokes number that is then used to weight the monodisperse single-collector efficiency
at a given Stokes number. An extension of this polydisperse filtration concept results in an analytical solution for the
axial variation of polydisperse particle flux in a random three-dimensional granule configuration. In order to verify the
analytical results for polydisperse particle filtration, a granule-resolved direct numerical simulation approach is coupled
with Lagrangian particle tracking to simulate filtration of polydisperse aerosols in a granular bed. VC 2015 American

Institute of Chemical Engineers AIChE J, 61: 3594–3606, 2015
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Introduction

Granular filtration is a process commonly used to remove

aerosols from fluid streams. It finds applications in filtration of

fly ash from hot gases produced during fast pyrolysis of bio-

mass for bio-oil production,1,2 water and wastewater treatment,3

and exhaust gas treatment in thermal power plants. Filtration of

particles in these applications is receiving increased attention

that is driven by various factors, such as the need for clean coal

combustion, treating water pollution, and efforts to reduce risks

to human health from exposure to aerosols.
In this study, the word particle is used for the fine particles

or aerosols flowing with the fluid and the word granule is used

for the bigger particles which form the granular bed through

which the fluid flows. The principal mechanisms for particle

filtration from fluid streams flowing through a granular bed are

inertial impaction, interception, gravitation, and Brownian dif-

fusion.4 Inertial impaction and interception are significant

mechanisms for particle collection in granular filtration for

particles with diameters greater than 1 lm and the particles

considered in this study fall in this category. Gravitational set-

tling and Brownian diffusion can be neglected for particles

with diameters less than 1 mm and particles with diameter

greater than 1 lm, respectively.4 Interial impaction occurs

when a particle is so large that it is unable to quickly adjust to

the abrupt changes in streamline direction near a granule.

Interception occurs when a particle which is following a gas

streamline comes within one particle radius of a granule.

Granular filtration in the inertial impaction and interception

regimes is a strong function of particle inertia that is character-

ized by the Stokes number St ¼ jhWijd2
pqp=9Dgl.4–6 The

Stokes number is the ratio of the particle momentum response

time to a characteristic fluid timescale. The characteristic fluid

timescale is taken to be Dg=2jhWij, where jhWij is the mean

slip velocity between fluid and granules and Dg is the granule

diameter. Note that it is the mean slip velocity between fluid

and granules (not particles) that determines the scale of fluid

motions. The particle momentum response time is

sp ¼ d2
pqp=18l, where dp is the diameter of the particle, qp is

the density of the particle, and l is the dynamic viscosity of

the fluid.
The aerosols or particles found in the applications men-

tioned above are generally polydisperse. Furthermore, the pro-

cess of filtration changes the local size distribution of aerosols

at different spatial locations within the granular bed.
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Polydispersity implies a range of aerosol Stokes numbers
because of the d2

p dependence of the particle response time sp

on diameter. Particles with different Stokes number filter at
different rates through a granular bed. In this study, we
develop analytical models for polydisperse particle filtration
that are valid in both Stokes flow and at moderate mean slip
Reynolds number. The mean slip Reynolds number is defined
as Rem ¼ ð12�sÞjhWijDgqf=l, where �s is the granule volume
fraction, and qf is the fluid density. Note that the mean slip
Reynolds number affects the particle Stokes number, which
can be written as

St ¼ Rem

ð12�sÞ
dp

Dg

� �2
1

9

qp

qf

: (1)

The development of analytical polydisperse filtration mod-

els for moderate mean slip Reynolds number is one of the

principal contributions of this work.
Due to the complex geometry of a granular bed, simple

models have been developed to explain filtration. The assump-

tion made in these models is that a granular bed can be repre-

sented as a sequence of single collectors, and the filter

efficiency of each single collector is called the single-collector

efficiency gs. In this approach,4 the single-collector efficiency

describes the rate of particle collection as the fraction of par-

ticles flowing through an area equal to the projected area of

the collector in a plane normal to the direction of the flow. The

single-collector efficiency gs for a granular bed is related to

the penetration P ¼ _mout= _min by the relation

gs ¼
22DglnP

3�sL
; (2)

where _min is the mass of particles injected at the inlet and _mout

is mass of particles exited from the outlet of the granular bed,

Dg is the granule diameter, and L denotes the length of the

granular bed. Over the past few decades, many researchers

have proposed empirical correlations for single-collector effi-

ciency of monodisperse particles based on experimental

data.5,7–9 Correlations are also developed for single-collector

efficiency using both numerical and experimental results.10,11

For filtration of monodisperse particles in Stokes flow

(Rem 5 0) through a monodisperse granular bed, the single-

collector efficiency gs depends only on granule volume frac-

tion �s and particle Stokes number St.6 For finite mean-slip

Reynolds number, the filtration of particles gs is a function of

Stokes number St, granule volume fraction �s, and the mean

slip Reynolds number Rem. In an attempt to collapse single-

collector efficiency data for moderate Reynolds number, the

three independent dimensionless groups Rem, St, and �s were

combined into a single effective Stokes number Steff as given

in Eqs. 22 and 23.5 Most of the correlations for single-

collector efficiency found in the granular filtration literature

are given as a function of Stokes number St, or a combination

of both Stokes number St and mean slip Reynolds number

Rem, or as a function of effective Stokes number Steff . These

correlations are for monodisperse particles.
There are very few experimental studies12,13 on granular fil-

tration of polydisperse aerosols due to difficulties in tracking

the filtration rate of each aerosol size class through the granu-

lar bed, and also due to the lack of optical access inside the

granular bed. While Tien & co-workers12,13 studied polydis-

persed aerosol filtration in granular media. However, they did

not look at different size distributions of aerosols.

Kim et al.14 and Kwon et al.15 analytically calculated the

filtration efficiency of a log-normal size distribution of

aerosols where Brownian diffusion was considered as the

deposition mechanism. Their study does not discuss other size

distributions and also the model is limited to Stokes flow. An

analytical solution was derived for filtration efficiency of

polydisperse aerosols in Stokes flow by Song and Park,16

where both diffusional and inertial impaction are considered

as deposition mechanisms for a log-normal size distribution.

All the analytical studies mentioned above are restricted to a

log-normal distribution of aerosol diameter. Hence, there is a

need for an analytical framework in the inertial impaction

regime that is not restricted to a particular size distribution of

aerosols, and which is valid in both Stokes flow and at moder-

ate Reynolds number.
The objectives of this work are to develop an analytical

framework for polydisperse particle filtration due to inertial

impaction and interception that is valid for any size distribu-

tion of particles. Another objective is to develop models that

are valid in both Stokes flow as well as in moderate Reynolds

number flows. In order to verify the analytical model’s predic-

tions of polydisperse filtration, a direct numerical simulation

(DNS)–Lagrangian particle tracking (LPT) approach is devel-

oped to study the filtration of polydisperse particles in a granu-

lar bed.
The article is organized as follows. We start with the ana-

lytical model development for Stokes flow and moderate

Reynolds number flow and the closure models. Following

that, the DNS–LPT computational approach that is used to

simulate the filtration of particles in a granular bed is

described and then we demonstrate convergence of the DNS–

LPT approach and comparison of simulation results with

experiments. Finally, the analytical predictions for Stokes

flow and moderate Reynolds number flow are compared with

the DNS–LPT results.

Analytical Model Development

We have seen from various experimental4,5,8 and numer-

ical studies6 that the single-collector efficiency for mono-

disperse particles gs;mono is a function of �s, Rem, and St,
such that gs;monoð�s;Rem; StÞ. Therefore, the challenge in

developing a model for polydisperse particle filtration is

to come up with an expression for gs;polyð�s;Rem; f ðrpÞÞ.
The analytical model is first developed for Stokes flow

and then extended to moderate Reynolds number flows. It

is applied to Stokes flow in a two-dimensional (2-D)

ordered array and then to flows at finite Reynolds number

in a 3-D assembly of randomly distributed granules that

represents a granular bed.

Polydisperse single-collector efficiency in Stokes flow

The principal effect of polydispersity on granular filtration

is that the polydisperse single-collector efficiency gs;polyð�s;R
em; f ðrpÞÞ must account for a range of Stokes number, because

the particle-size distribution implies a distribution of Stokes

number. For the case of Stokes flow ðRem � 0Þ, this depend-

ence can be accounted for by transforming the probability dis-

tribution function (PDF) for the particle radius f rp

� �
into a

PDF for the particle Stokes number f Stð Þ by a simple change

of variable
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f Stð Þ ¼ f rp

� � drp

dSt
(3)

The PDF of particle Stokes number is used to find the poly-

disperse single-collector efficiency gs;poly, which is now

expressed as gs;polyð�s; f ðStÞÞ, where the dependence on Rem

can be omitted for Stokes flow. The functional dependence of

the monodisperse single-collector efficiency gs;mono on Stokes

number can be interpreted as the expected polydisperse single-

collector efficiency conditional on a particular Stokes number

gs;monoð�s; StÞ ¼ hgs;polyj�s; Sti (4)

Therefore, the cumulative polydisperse single-collector effi-

ciency is simply

gcum
s;polyð�s; StÞ ¼

ðSt

Stcð�sÞ
hgs;polyj�s; St0i f ðSt0ÞdSt0 (5)

where Stc is the critical Stokes number above which the filtra-

tion of particles starts to take place in the absence of gravity.6

The effect of interception parameter is not considered in the

Ara�ujo et al.6 study, hence the critical Stokes number Stc is

only a function of granule volume fraction �s. The cumulative

polydisperse single-collector efficiency gcum
s;polyð�s; StÞ repre-

sents the filtration efficiency of all particles with St0 < St. The

expected polydisperse single-collector efficiency is hgs;polyi ¼
gcum

s;polyð1Þ, and is referred to as the total polydisperse effi-

ciency for simplicity. The integral in Eq. 5 is evaluated using

fourth-order Runge–Kutta integration.

Results for Stokes flow

Particle filtration in an infinite ordered filter composed of a

periodic arrangement of circular obstacles is a classical prob-

lem. This approach has been used to describe the porous

geometry of fibrous filters17 and also a homogeneous ran-

domly packed medium.4 Ara�ujo et al.6 used the solution of

Marshall et al.17 for flow past a circular obstacle in a square

unit cell with periodic boundary conditions imposed on the

fluid in both x and y direction to simulate filtration of monodis-

perse particles. Ara�ujo et al.6 expressed the single-collector

efficiency as a function of particle Stokes number St by

gs;mono / St2Stcð Þ0:5 (6)

The critical Stokes number Stc is shown to vary with gran-

ule volume fraction �s, where 12�s is the unit cell porosity.

The correlation given by Ara�ujo et al.6 exceeds unity for

Stokes number greater than 1.2, which is unphysical. In order

to remedy this behavior, we propose a modified correlation

to Ara�ujo’s data for gs;mono for a granule volume fraction �s
of 0.1

gs;mono ¼
St2Stcð Þ

St2Stcð Þ1a
(7)

where a 5 0.31 and Stc ¼ 0:21ð�s ¼ 0:1Þ. Figure 1 shows both

the modified correlation and original correlation along with

the numerical data from Ara�ujo et al.6 It is observed that the

modified correlation fits the data more closely and obeys the

correct limiting behavior (gs ! 1).
The analytical model prediction (Eqs. 5 and 7) are tested for

different size distributions, and compared with LPT results in

the latter part of this study. The mean particle radius in this

test case is chosen in such a way as to maintain the mean

Stokes number ðStðhrpiÞ ¼ 0:5Þ and particle density ðqp

¼ 1000 kg/m3) close to values found in experiments.1 The

parameters that define the test case are given in Table 1.
The PDFs of particle radius rp for three size distributions—

normal, log-normal, and gamma—that are used to test the

cumulative polydisperse single-collector efficiency are shown

in Figure 2a. The distributions chosen have analytically inte-

grable forms, however, one of these, the lognormal distribu-

tion is often used in the aerosol literature and shown to match

with aerosol distributions.18,19 The corresponding PDF of par-

ticle Stokes number obtained using Eq. 3 is shown in Figure

2b. The shape of these distributions affect the cumulative pol-

ydisperse single-collector efficiency computed using Eq. 5.

Note that the particles in these distributions with St < Stc

do not filter and the critical Stokes number is marked in

Figure 2b.
The cumulative polydisperse single-collector efficiency is

computed using Eqs. 4 and 5 and the expression for gs;mono

(Eq. 7). The cumulative polydisperse single-collector effi-

ciency for the three size distributions is shown in Figure 3. For

comparison, the monodisperse single-collector efficiency at

the mean particle radius is also shown. The monodisperse

single-collector efficiency at the mean particle size is higher

than the polydisperse single-collector efficiencies because par-

ticles with St < Stc do not filter out (cf. Eqs. 6 and 7) in all

three distributions. The polydisperse single-collector effi-

ciency for the normal distribution is slightly less than the

Figure 1. The Ara�ujo et al.6 correlation and the modi-
fied correlation compared with simulation
data from Ara�ujo et al.6 ð�s ¼ 0:1Þ.
[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 1. Parameters Corresponding to the Test Case for

Polydisperse Filtration in Stokes Flow.

Parameter Value

Physical
hrpi 0:2231023 m
Dgð�s ¼ 0:1Þ 231023m
Standard deviation SDðrpÞ 1:5731025 m
Nondimensional
Rem 0.1
�s 0.1
StðhrpiÞ 0.5
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single-collector efficiency of the other two distributions

because the peak of the normal distribution is less than that of

the log-normal and gamma distributions, whereas the standard

deviation is the same for all three distributions (see Figure 2a).

The results from this analytical model are compared with 2-D

LPT results later in this article.

Polydisperse single-collector efficiency in moderate

Reynolds number flow

We now extend the analytical model for polydisperse

single-collector efficiency to moderate mean slip Reynolds

number. Recall that the experimental data5 on single-collector

efficiency in moderate Reynolds number flow collapses when

plotted as a function of the effective Stokes number. The

empirical correlation for single-collector efficiency from the

experimental data5 is

gs;monoð�s;RemÞ ¼
St3:55

eff

St3:55
eff 11:67

� �
(8)

This motivates the development of a polydisperse single-

collector efficiency of the form gs;polyð�s;Rem; f ðSteffÞÞ. There-

fore, the PDF of particle radius is transformed into the PDF of

effective Stokes number by a simple change of variables (Eq.

3). The expression for monodisperse single-collector effi-

ciency in moderate Reynolds number flow (given by Eq. 8) is

used to obtain the polydisperse filtration efficiency. The cumu-

lative polydisperse single-collector efficiency is

gcum
s;polyð�s;Rem; SteffÞ ¼

ðSteff

0

hgs;polyjSt0effif ðSt0effÞdSt0eff (9)

Results for moderate Reynolds number flow

The PDFs of particle radius rp and particle effective Stokes

number Steff for three size distributions—normal, log-normal,

and gamma—that are used to test the cumulative polydisperse

single-collector efficiency are shown in Figures 4a, b. The

trends are similar to that observed in the Stokes flow case. The

shape of the distributions affect the polydisperse single-

collector efficiency. The parameters of the size distributions for

the moderate Reynolds number test case are given in Table 2.

The two test cases (see Table 3 and 4) chosen are based on

experimental data.5 Test case A with an effective Stokes num-

ber Steff ¼ 0:72 falls in the low efficiency region (Figure 9) and

test case B with an effective Stokes number Steff ¼ 1:12 falls in

the high efficiency region (Figure 9). We also maintained other

parameters such as particle density, mean Reynolds number,

and granule volume fraction close to experiments.5

The cumulative polydisperse single-collector efficiency

obtained from all three distributions are shown in Figure 5.

For comparison, the monodisperse single-collector efficiency

at the mean particle radius is also plotted in Figure 5. In this

moderate Reynolds number case with Rem 5 10, the total poly-

disperse single-collector efficiency is higher than the monodis-

perse value at the mean particle radius because the particles

Figure 2. (a) PDF of particle radius for three different distributions with a normalized mean particle radius of 0.11
and normalized standard deviation of 7:8531023, both lengths are normalized by Dg. (b) Corresponding
PDF’s of particle Stokes number for the same distributions with a mean Stokes number of 0.50 based on
mean particle radius.(normal —; log-normal - - -; gamma — �� — ��).

Figure 3. The single-collector efficiency obtained from
three different distributions for a normalized
standard deviation of 1:5231022 and a nor-
malized mean particle radius of 0.21 com-
pared with monodisperse single-collector
efficiency for the same mean (mean Stokes
number 5 0.50), both lengths are normalized
by Dg.
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with Steff > hSteffi contribute to this increase. Since the shapes

of f ðSteffÞ for Steff > hSteffi are very similar for all three distri-

butions (see Figure 4b), this increase is very similar for all the

three distributions considered.
In this section, we have developed an analytical model for

calculating the polydisperse single-collector efficiency for dif-

ferent size distributions of particles in both Stokes and moder-

ate Reynolds number flow. We find that the monodisperse

single-collector efficiency at the mean particle radius is not a

good estimate of total filtration efficiency since it can over or

underpredict the total polydisperse single-collector efficiency

depending on the flow conditions. However, the analytical

models developed in this section do not provide information

regarding the axial variation of particle flux along the granular

bed. To find the axial variation of polydisperse particles along

the granular bed, we derive an analytical expression for the

axial variation of particle flux.

Transport equation for the particle flux

The evolution of number density nðx; r; tÞ of particles

through the granular bed is governed by Eq. A9. If the sink term

due to granular filtration is proportional to the local particle flux

at that location, then the axial variation of particle flux in a gran-

ular bed can be analytically obtained by solving Eq. 10 with a

model for the sink term S ¼ 2 kðSteffÞhVkjrinðx; r; tÞ. The

resulting number density equation is

@nðx; r; tÞ
@t

1
@

@xk

hVkjrinðx; r; tÞð Þ ¼ 2kðSteffÞhVkjrinðx; r; tÞ

(10)

where k is the filter coefficient. The following expression for

the filter coefficient is proposed by Ottavio and Goren5

kðSteffÞ ¼ 3gs;monoðSteffÞ 12esð Þ=2Dg (11)

where gs;mono is the monodisperse single-collector efficiency,
whose dependence on Steff is given by Eq. 8. At steady state,
rewriting Eq. 10 in terms of the particle flux in the granular
bed Jkðx; rÞ ¼ hVkjrinðx; rÞ, results in

@

@xk

Jkðx; rÞð Þ ¼ 2k Steffð ÞJkðx; rÞ (12)

Noting that in granular filtration the particle flux varies only
in the axial coordinate (Jðx; rÞ ¼ Jðx; rÞ) because the problem
is statistically homogeneous in y and z directions, and integrat-
ing Eq. 12 along the length of the granular bed yields the fol-
lowing simple relation

Jðx; rÞ
Jð0; rÞ ¼ exp 2k Steffð Þx½ � (13)

The axial variation of particle flux J(x, r) can be written in
terms of the particle-size distribution conditional on axial
location x, as Jðx; rÞ ¼ JðxÞf ðrjxÞ, where J(x) is the total parti-
cle flux and f ðrjxÞ is the PDF of particle radius conditional on
axial location. The total particle flux J(x) at a given axial loca-
tion x is obtained by integrating over all particle size values

JðxÞ ¼
ð1

0

Jðx; rÞdr ¼
ð1

0

JðxÞf ðrjxÞdr (14)

The PDF of particle radius is not assumed to be the same at all
axial locations, but it changes with x as particles filter through
the bed. The particle flux equation (Eq. 13) can be deduced
using Eq. 14

JðxÞ ¼
ð1

0

Jð0; rÞexp 2k Steffð Þx½ �dr (15)

Equation 15 can be further simplified, additionally, a change
of variables is made from r to Steff to obtain the normalized
particle flux

Figure 4. (a) PDF of particle radius for three different distributions with a normalized mean particle radius of 33
1023 and a normalized standard deviation of 631024, both lengths are normalized by Dg. (b) Correspond-
ing PDF’s of particle effective Stokes number for the same distributions with a mean effective Stokes
number of Steff ¼ 0:72 based on normalized mean particle radius, granule volume fraction �s ¼ 0:5, and
mean slip Reynolds number Rem 5 10 (normal —; log-normal - - -; gamma — �� — ��).

Table 2. Parameters Corresponding to the Experiments for

Polydisperse Filtration in Moderate Reynolds Number

Parameter Value

Dg 231023 m; 431023 m
hrpi 3:031027–2:2531026 m
NR ¼ 2rp=Dg 1:531024–2:331023

Table 3. Parameters Corresponding to the Test Cases for

Polydisperse Filtration in Moderate Reynolds Number Flow

Parameter Test Case A Test Case B

hrpi 3:0 3 1023 3:75 3 1023

NR ¼ 2rp=Dg 6:0 3 1023 7:5 3 1023

SDðrpÞ 6:0 3 1024 7:5 3 1024
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JðxÞ
Jð0Þ ¼

ð1
0

f ðSteff jx ¼ 0Þexp 2k Steffð Þx½ �dSteff (16)

The significance of Eq. 16 is that it gives the particle flux J(x)

at any location x in terms of the inlet particle flux J(0) and the

size distribution f(r). The results of the normalized particle

flux obtained from Eq. 16 are compared with DNS–LPT

results in the last section. We now briefly describe the DNS–

LPT simulations.

DNS of Granular Filtration

In granular filtration, there are two solid phases: one com-

prises the granules through which the fluid flows, and the other

solid phase consists of particles that are suspended in the fluid

phase. The 3-D fluid-phase flow fields around the granules

are obtained using a granule-resolved DNS methodology

called Particle-resolved Uncontaminated-fluid Reconcilable

Immersed Boundary Method (PUReIBM; see Figure 6). Note

that the fine particles are not resolved because such computa-

tions are currently infeasible because of the large diameter

ratio between the granules and fine particles that results in a

very high number of total number of grid points. If we con-
sider one of the simulation cases in this study, where the num-
ber of fine particles is around 1,000,000, and if we consider a
coarse resolution of 16 3 16 3 16 grid points to resolve a fine
particle, this would result in total number of 4,096,000,000
grid points to resolve the fine particles using PUReIBM DNS.

In PUReIBM, exact no-slip and no-penetration boundary
conditions are imposed at the granule–fluid interface. The gov-
erning equations solved in PUReIBM are Eqs. B1 and B2.
Details on the PUReIBM solution approach are given in
Appendix B. PUReIBM is a numerically convergent and accu-
rate particle-resolved DNS method for fluid-solid flows, and it
has been extensively validated in a comprehensive suite of test
cases.20,21 In the DNS–LPT approach developed here, the par-
ticles to be filtered are tracked as point particles in a Lagran-
gian frame as they are carried by the fluid phase through the
granular bed.

The dispersed phase consisting of particles is represented

in a Lagrangian frame at time t by fXðiÞðtÞ;VðiÞðtÞ; dðiÞp ðtÞi ¼ 1;

::::::;NpðtÞg, where dp
(i) denotes the ith particle diameter, VðiÞð

tÞ denotes the ith particle velocity and XðiÞðtÞ represents its
position. The position and velocity of the particles evolve by

dXðiÞðtÞ
dt

¼ VðiÞ (17)

and

dVðiÞðtÞ
dt

¼ fðiÞ

m
ðiÞ
p

¼ AðiÞ (18)

where m
ðiÞ
p is the mass, and fðiÞ and AðiÞ are the instantaneous

force and acceleration experienced by the ith particle. The parti-
cle diameter does not change with time. The instantaneous force
is modeled using a drag correlation due to Schiller and
Naumann22

fðiÞðtÞ ¼
3pljuðXðiÞðtÞ; tÞ2VðiÞjdðiÞp ð110:15Re0:687

p Þ
Cc

(19)

Figure 6. Trapping of particles in a random assembly
of granules using DNS–LPT. Contours of the
streamwise component of velocity are shown
for a granule volume fraction of 0.1 and
mean slip Reynolds number of 0.01. The
Stokes number of the particles in this simu-
lation is 431023.

Figure 5. The single-collector efficiency obtained from
three different distributions for a normalized
standard deviation of 6:031024 and a normal-
ized mean particle radius of 3:031023 com-
pared with monodisperse single-collector
efficiency for the same mean particle radius
(mean effective Stokes number Steff ¼ 0:72
based on mean particle radius, granule vol-
ume fraction �s ¼ 0:5, and mean slip Reyn-
olds number Rem 5 10), both lengths are
normalized by Dg.

Table 4. Nondimensional Parameters Corresponding to

Experiments and the Test Cases for Polydisperse Filtration

in Moderate Reynolds Number Flow

Experiments Test Case A Test Case B

Rem 10 –1000 10 10
�s 0.63 0.5 0.5
St 8:631024 –0.18 0.05 0.078
Steff 0.15 –2.0 0.72 1.12
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where Cc is the Cunningham correction factor, Rep5qf juðXðiÞðtÞÞ
2VðiÞjdp=lfÞ Rep is the particle Reynolds number based on slip

velocity between the fluid and particle (not granule), qf ; lf , and

uðXðiÞðtÞ; tÞ are the fluid-phase density, kinematic viscosity, and
the velocity of the fluid at the particle location, respectively.
The wall effect on the drag force is neglected in this study.
Interparticle interactions are neglected consistent with our
assumption in the analytical model for particle flux evolution.

In this study, the mass loading ð� 331022Þ of the dispersed
phase negligible, and so momentum exchange between the par-

ticles and fluid is neglected (the total particle drag is around �
531022 that of the total granule drag for mean slip Reynolds
number Rem 5 10 and granule volume fraction �s ¼ 0:5).

The fluid velocity at the particle location uðXðiÞðtÞ; tÞ is

obtained from the fluid velocity at grid nodes. The numerical

value of the fluid velocity field uðx; tÞ at the particle location

XðiÞðtÞ is denoted ðuðXðiÞðtÞ; tÞÞM, and is obtained from the rep-

resentation of u at M grid nodes through interpolation23

ðuðXðiÞðtÞ; tÞÞM ¼ =ðum;m ¼ 1; :::;M; XðiÞðtÞÞ (20)

where um is the fluid velocity at the m th fluid grid node and =
is a generic interpolation operation. In this study, we use

second-order Lagrange polynomial interpolation.

Simulation approach

Here, we describe how the steady flow field past granules is

obtained using the PUReIBM approach. Then the Lagrangian

tracking of particles is described. In PUReIBM, the granules

are first initialized in a lattice arrangement with a Maxwellian

velocity distribution corresponding to a volume fraction of the

granules �s. The granules are then allowed to collide elastically

to obtain an equilibrium configuration in the absence of the

ambient fluid. A steady flow is then established past the equi-

librium particle configuration by imposing a mean pressure

gradient that corresponds to a specified mean slip Reynolds

number Rem. The mean pressure gradient evolves in time until

it attains the steady value required to drive the desired flow

rate. The steady flow fields obtained from PUReIBM are used

for Lagrangian tracking of particles. In this work, we simulate

steady filtration in flow past fixed granule assemblies, but

PUReIBM has been used to simulate moving granules also.24

The particles are continuously injected into the computa-

tional domain at a specified mass injection rate _min (see Fig 6).

The particles are assigned the fluid velocity at the initial parti-

cle location. The boundary conditions for particles are inflow

at x 5 0, outflow at x 5 L, and periodic in the y and z directions

(see Fig 6). A particle is assumed to be trapped by the granular

assembly when the distance between the centers of the granule

Figure 7. Variation of penetration for a particle Stokes
number of St 5 0.10, granule volume fraction
�s ¼ 0:5, mean-slip Reynolds number
Rem 5 10 with time t normalized by the fluid
time scale sf.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 8. Convergence characteristics of penetration
for a particle Stokes number of St 5 0.25,
granule volume fraction �s ¼ 0:4, mean-slip
Reynolds number Rem 5 20 with grid resolu-
tion Dm for L=Dg ¼ 4.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 9. Comparison of single-collector efficiency as
a function of effective Stokes number
obtained from DNS–LPT simulations with the
experimental data5 and the correlation fitted
to those experimental data5 along with a cor-
relation fitted to DNS–LPT data. Solid
squares are simulation results, open gra-
dients are experimental data, the solid line is
the D’Ottavio correlation and the dashed line
is the correlation fitted to DNS–LPT data.

3600 DOI 10.1002/aic Published on behalf of the AIChE November 2015 Vol. 61, No. 11 AIChE Journal

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


and the particle is less than ðrp1Dg=2Þ, where rp is the radius

of the particle and Dg is the diameter of the granule. This trap-

ping criterion accounts for both inertial impaction and inter-

ception. The particles are removed from the simulation at the

outlet plane x 5 L, where L is the length of the computational

domain. Figure 6 shows the result of a DNS–LPT simulation.

The red spheres are the particles being filtered and the blue

spheres are the granules.

DNS–LPT: Numerical Convergence and
Comparison with Experiments

Numerical convergence study

Here we establish that the DNS-LPT simulations give

numerically converged solutions. We examine the influence of

grid resolution Dm ¼ Dg=Dx on penetration P, where Dg is the

granule diameter, and Dx is the size of each grid cell. The pen-

etration is calculated after the DNS–LPT simulations reach

steady state. Figure 7 shows the variation of penetration P
¼ _mout= _min with time, where _min is the mass of the particles

injected at the inlet and _mout is the mass of the particles exited

from the outlet. The penetration reported in this study is calcu-

lated from simulations as

P ¼
Ð tstop

tsteady
_moutdtÐ tstop

tsteady
_mindt

¼ mout

min

(21)

where tsteady is the time when the simulation reaches steady

state and tstop is the total simulation time. Numerical conver-

gence is shown for a test case with particle Stokes number of

0.25, granule volume fraction 0.4, and a mean slip Reynolds

number of 20. Note that L=Dg is a physical parameter in these

inflow/outflow simulations, and P decreases with increasing

L=Dg. In the test case shown L=Dg ¼ 4, but the same conver-

gence holds for L=Dg ¼ 6; 8; 10 (results not shown here).

Figure 8 shows that the penetration P converges with Dm for

Dm > 30.

Comparison with experiments

The DNS–LPT computational approach developed to model

granular filtration is validated by comparing the penetration P
and single-collector efficiency gs obtained from DNS–LPT

with experimental data.5 A summary of the simulation condi-

tions used to obtain the DNS–LPT data points in Figure 9 is

shown in Table 5.
In order to meaningfully compare data from filtration

experiments performed with different bed lengths L, it is com-

mon practice to compare the single-collector efficiency

ðgs ¼ 22DglnP=3�sLÞ. In Figure 9, we show the variation of

single-collector efficiency with effective Stokes number Steff ,

obtained from both the DNS–LPT and experimental data. The

effective Stokes number Steff is defined as

Steff ¼ Að�sÞ11:14Re1=2
m ð12�sÞ23=2

h i St

2
(22)

Að�sÞ ¼
ð626�s

5=3 Þ
ð629�s

1=3 19�s
5=3 26�s

2Þ (23)

Figure 9 shows a good match of single-collector efficiency

obtained from DNS–LPT simulations with experimental data.

The scatter in the DNS–LPT data is probably indication of the

inadequacy of Steff to collapse gs data from different (Rem, �s)
combinations. The solid line in Figure 9 is the correlation (Eq.

8) obtained from experiments5 and the dashed line in Figure 9

is the new correlation fitted to DNS–LPT data, which reads as

gs ¼
St2:55

eff

3:071St2:55
eff

(24)

Equation 24 will be used for comparison of the analytical

particle flux expression with the DNS–LPT date in the last

section of this article.
The validation of single-collector efficiency with experi-

mental data shows that the DNS–LPT approach developed in

this study gives accurate predictions of granular filtration.

Table 5. Granular Filtration Parameters for DNS–LPT

Validation

Parameters Values Simulated Experiments

�s 0.4, 0.5 0.63
Rem 10, 20, 30, 50 10 –1000
St 0.05, 0.07, 0.1, 0.25 8:631024 –0.18
L=Dg 10 8–50

Figure 10. CDF’s of particle radius used in the analytical model and LPT simulations: (a) log-normal distribution of
normalized particle radius with a mean 0.11 and a normalized standard deviation of 7:8531023 (mean
Stokes number St 5 0.50 based on mean particle radius), both lengths are normalized by Dg. (b) gamma
distribution of normalized particle radius with a mean 0.11 and a normalized standard deviation of 7:853
1023 (mean Stokes number St 5 0.50 based on mean particle radius), both lengths are normalized by Dg.
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Comparison of Analytical Model Predictions with
the DNS–LPT Results

Polydisperse single-collector efficiency for different

particle-size distributions and axial profiles of the particle flux

predicted by the polydisperse filtration model are compared

with results from the DNS–LPT for both Stokes flow and mod-

erate Reynolds number flow.

Stokes flow

We consider particle filtration in a 2-D unit cell for which

Ara�ujo et al.6 gave a correlation for monodisperse single-

collector efficiency (Eq. 6), which is modified for this study

(see Eq. 7). We consider a polydisperse distribution of par-

ticles injected upstream, and the polydisperse filtration model

predicts: (a) the cumulative polydisperse single-collector effi-

ciency as a function of Stokes number and (b) the total poly-

disperse single-collector efficiency. These are compared with

the LPT simulation in flow fields obtained from the improved

Kuwabara solution17 for Stokes flow in a 2-D unit cell. Log-

normal and gamma particle-size distributions are considered

as test cases. The CDFs of the log-normal and gamma

particle-size distributions at the inlet are shown in

Figures 10a, b.

The cumulative polydisperse single-collector efficiency
gcum

s;poly calculated analytically using Eq. 5 gives a very good
match with gcum

s;poly obtained from LPT results for both log-
normal and gamma distributions, as shown in Figures 11a, b.
In the LPT simulations, the size distribution is discrete and
gs;mono is obtained for each discrete particle size, and then
gcum

s;poly is obtained by numerical integration of Eq. 5. A snap-
shot of the LPT simulation is shown in Figure 12, where d=2
is the particle Y-coordinate at the inlet of the computational
cell, above which the particle will always escape. Note that d
increases with increase in particle size or Stokes number. The

Figure 11. Comparison of cumulative polydisperse single-collector efficiency gcum
s;poly with Stokes number between

the analytical model and LPT simulations: (a) log-normal distribution of normalized particle radius with
a mean of 0.11 and a normalized standard deviation of 7:8531023 (mean Stokes number St 5 0.50 based
on mean particle radius), both lengths are normalized by Dg. (b) gamma distribution of normalized parti-
cle radius with a mean of 0.11 and a normalized standard deviation of 7:8531023 (mean Stokes number
St 5 0.50 based on mean particle radius), both lengths are normalized by Dg.

Figure 12. Particle trajectories when released from dif-
ferent positions at the inlet of a periodic
unit cell.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 13. Analytical prediction of particle radius PDF
along the granular bed of length L at
lengths x 5 0, x ¼ L=4; x ¼ L=2; x ¼ 3L=4, and
x 5 L for a log-normal distribution of normal-
ized mean particle radius of 3:7531023 and
a normalized standard deviation of 7:531024

at the inlet plane (mean effective Stokes
number Steff ¼ 1:12 based on mean particle
radius, granule volume fraction �s ¼ 0:5 and
mean slip Reynolds number Rem 5 10), both
lengths are normalized by Dg.
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monodisperse single-collector efficiency is gs;mono ¼ d=D,

where D is the diameter of the collector. This simulation

approach is similar to that used by Ara�ujo et al.6 to calculate

the single-collector efficiency. These results demonstrate the

predictive capability of the model described in the Analytical

model development section.

Moderate Reynolds number flow

Particle-size Distribution Along the Granular Bed. We

now consider the analytical model’s prediction of particle fil-

tration in a 3-D granular bed. In this case, we use an empirical

correlation5 (Eq. 8) for the single-collector efficiency of

monodisperse particles. Results obtained from the 3-D analyti-

cal model are compared with the DNS-LPT results obtained

from the 3-D granular bed for moderate Reynolds number. In

the moderate Reynolds number case, the DNS–LPT simula-

tions use the flow fields from PUReIBM.
Recall that our analysis does not assume that the particle-

size distribution is constant along the length of granular bed,

which is an assumption in most of the analytical models devel-

oped in the literature. The expression developed in the Trans-

port Equation for the Particle Flux section (Eq. 16) allows the

particle-size distribution to evolve along the length of bed due

to variation in the filtration rate of particles of different sizes

(Stokes number). In Figure 13, we see how the particle-size

distribution varies along the length of the domain.
To understand this analysis further, we modify Eq. 12 as

follows to obtain an expression for the evolution of the

particle-size distribution

df ðrjxÞ
dx

¼ 2
1

JðxÞ
dJðxÞ

dx
f ðrjxÞ2k Steffð Þf ðrjxÞ (25)

The first term on the right-hand side of Eq. 25 simply

rescales the particle-size distribution and the second term

changes the shape of the particle-size distribution along the

length of the bed. Figure 14a shows the analytical prediction

of particle-size distribution at three axial locations in a granu-

lar bed, and the comparison of these analytical predictions

with the DNS–LPT simulations are shown in Figures 14b, c,

and d, respectively. It can be seen in Figure 14 that the

particle-size distribution changes along the length of the bed

and the analytical model predicts particle-size distributions

similar to the DNS–LPT results.
Axial Variation of Particle Flux. Two test cases (test

cases A and B in Table 3) are chosen for comparison of the

results obtained from the particle flux expression (Eq. 16) with

Figure 14. CDF of particle radius along the granular bed of length L, initialized with a log-normal distribution of
normalized mean particle radius (by the radius of the granule) of 3:7531023 and a normalized standard
deviation of 7:531024 at the inlet plane (mean effective Stokes number Steff ¼ 1:12 based on mean parti-
cle radius, granule volume fraction �s ¼ 0:5, and mean slip Reynolds number Rem 5 10), both lengths
are normalized by Dg: (a) analytical prediction of particle-size distribution at lengths L=2; 3L=4, and L
(b), (c), and (d) comparison of analytical prediction with DNS–LPT simulations at lengths L=2; 3L=4, and
L, respectively.
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the DNS-LPT results. The CDF of the particle radius for both
the test cases are given in Figures 15a, b.

The analytical prediction (see Eq. 16) of steady-state nor-
malized particle flux JðxÞ=Jð0Þ as a function of axial location
x is compared with DNS–LPT results in Figures 16a, b for
log-normal particle-size distributions (test cases A and B). The
granule solid volume fraction is 0.5 and the mean slip Reyn-
olds number is 10 for these test cases. It should be noted that
the error bars in the DNS–LPT simulations are 95% confi-
dence intervals obtained from averaging over five independent
simulations corresponding to different granule configurations
with the same volume fraction �s and g(r) (radial distribution
function). Figures 16a, b show that the particle flux decays
along the axial coordinate due to filtration, and the trend of
steady-state normalized particle flux profile predicted by the
analytical model is similar to the flux profile of DNS–LPT. It
can also be seen in Figures 16a, b that the analytical solution

(solid line) overpredicts the decay of particle flux compared to
the DNS-LPT results. This overprediction of particle flux
decay in both test cases when compared with DNS–LPT data
is due to the correlation (Eq. 8) used in the analytical particle
flux expression (Eq. 16), which overpredicts the single-
collector efficiency when compared with the DNS–LPT
(see Figure 9). To confirm this hypothesis, we use the new
correlation (Eq. 24) for single-collector efficiency fitted to
DNS–LPT. The new correlation (Eq. 24) gives a better fit to
DNS–LPT data, as seen in Figure 9. The analytical particle
flux expression with Eq. 24 instead of Eq. 8 predicts particle
flux profiles (dashed lines in Figures 16a, b) that match the
DNS–LPT data. This good agreement between DNS–LPT and
the model for axial variation of particle flux lends support to
the theoretical formulation in the Transport Equation for the
Particle Flux section, allowing prediction of axial flux profiles
in granular filtration problems.

Figure 15. CDF of normalized particle radius at the inlet plane for a log-normal distribution of particles with: (a)
normalized mean particle radius of 3:031023 and a normalized standard deviation of 6:031024 (mean
effective Stokes number Steff ¼ 0:72 based on mean particle radius, granule volume fraction �s ¼ 0:5,
and mean slip Reynolds number Rem 5 10), both lengths are normalized by Dg. (b) normalized mean par-
ticle radius of 3:7531023 and a normalized standard deviation of 7:531024 (mean effective Stokes num-
ber Steff ¼ 1:12 based on mean particle radius, granule volume fraction �s ¼ 0:5, and mean slip
Reynolds number Rem 5 10), both lengths are normalized by Dg.

Figure 16. Steady-state normalized particle flux JðxÞ=Jð0Þ along the flow domain for a log-normal distribution of
particles: (a) normalized mean particle radius of 3:031023 and a normalized standard deviation of 6:03
1024 (mean effective Stokes number Steff ¼ 0:72 based on mean particle radius, granule volume fraction
�s ¼ 0:5, and mean slip Reynolds number Rem 5 10), both lengths are normalized by Dg. (b) Normalized
mean particle radius 3:7531023 and a normalized standard deviation of 7:531024 (mean effective
Stokes number Steff ¼ 1:12 based on mean particle radius, granule volume fraction �s ¼ 0:5, and mean
slip Reynolds number Rem 5 10), both lengths are normalized by Dg.
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Conclusions

We have derived expressions for the cumulative polydis-

perse single-collector efficiency gcum
s;polyðStÞ and total polydis-

perse single-collector efficiency hgs;polyi for granular filtration

of particles with arbitrary size distributions in Stokes flow and

moderate Reynolds number flows. Recognizing the Stokes

number as the principal parameter determining filtration due

to inertial impaction and interception, we transform the size

distribution of particles to a distribution of Stokes number for

the Stokes flow case. The expressions are also extended to

moderate Reynolds number by converting the size distribution

of particles to a distribution of effective Stokes number.
We also derived a transport equation for axial variation of

the particle flux for polydisperse particles, which leads to an

analytical solution for the size-dependent particle flux as a

function of axial location. We developed a DNS–LPT

approach for granular filtration of polydisperse particles that is

valid for low and moderate Reynolds numbers. The penetra-

tion and single-collector efficiency obtained from DNS–LPT

results give a good match with existing experimental data.5

The results obtained from polydisperse analytical model give

a very good match with 2-D-LPT and DNS–LPT simulations.

The analytical solution for the axial variation of particle flux

predicts profiles similar to DNS–LPT results.
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Appendix A: Derivation of the Number Density
Equation

The statistical description at the single particle level is given by

the single-particle distribution function f ðx; v; r; tÞ also known as

droplet distribution function in spray literature.25 The f ðx; v; r; tÞ is

related to the position, velocity, and radius of the particles by

f ðx; v; r; tÞ ¼ hf 0ðx; v; r; tÞi ¼
*XNpðtÞ

i¼1

f 0iðx; v; r; tÞ
+

¼
*XNpðtÞ

i¼1

dXðiÞdVðiÞdRðiÞ

+
(A1)

where dXðiÞ ¼ dðx2XðiÞðtÞÞ; dVðiÞ ¼ dðv2VðiÞðtÞÞ; dRðiÞ ¼ dðr2RðiÞ

ðtÞÞ; p0 is the fine-grained density function and f 0i is the fine-

grained density function for the ith particle and the expectation

in Eq. A1 is over all possible particle configurations and veloc-

ities, respectively.26 The single-particle distribution function f ðx;
v; r; tÞ is an unnormalized density function and integrates to the

expected total number of particles hNpðtÞi, such that

hNpðtÞi ¼
ð
½x;v;r1�

f ðx; v; r; tÞdxdvdr (A2)

The evolution equation for f ðx; v; r; tÞ26,27 is

@f

@t
1

@

@xk

ðvkf Þ1 @

@vk

ðhAkj x; v; r; tif Þ ¼ Sðx; v; r; tÞ (A3)

where Sðx; v; r; tÞ is the sink term that arises due to the filtration

of particles by granules, and hAj x; v; r; ti is the expected accel-

eration27 conditional on the location ½x; v; r� in phase space.

Note that summation is implied over repeated Roman indices. In

this study, only the drag force is needed to model the
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conditional acceleration term. The particle distribution function

can be decomposed as the particle number density nðx; tÞ, and a

joint probability density function f C
VRðv; rj x; tÞ27

f ðx; v; r; tÞ ¼ nðx; tÞf C
VRðv; rj x; tÞ (A4)

For the polydisperse size distributions considered in this

work, it is convenient to retain size dependence in the number

density, as follows

nðx; r; tÞ ¼
ð
½v�

f ðx; v; r; tÞdv (A5)

The decomposition of Eq. A4 in terms of nðx; r; tÞ becomes

f ðx; v; r; tÞ ¼ nðx; r; tÞf C
VjRðvjr; x; tÞ (A6)

which follows from the following relation

f C
VRðv; rj x; tÞ ¼ f C

VjRðvj r; x; tÞf ðrj x; tÞ (A7)

and

nðx; r; tÞ ¼ nðx; tÞf ðrj x; tÞ (A8)

where f ðrj x; tÞ is the size distribution of particles. The particle

position distribution manifests in the particle number density

nðx; r; tÞ, which evolves by integrating Eq. A3 over all the

velocity space27 as

@nðx; r; tÞ
@t

1
@

@xk

ðhVkjrinðx; r; tÞÞ ¼ Sðx; r; tÞ (A9)

The evolution equation for number density of monodisperse

particles is

@nðx; tÞ
@t

1
@

@xk

ðhVkinðx; tÞÞ ¼ Sðx; tÞ (A10)

Appendix B: Governing Equations Solved in
PUReIBM

The mass and momentum equations that are solved at all grid

points in PUReIBM are

@ui

@xi
¼ 0 (B1)

and

qf

@ui

@t
1qfSi ¼ 2gIBM;i1l

@2ui

@xj@xj
1Ru;i (B2)

where gIBM;i is the pressure gradient, Si is the convective term,

and Ru;i is the immersed boundary force term that accounts for

the solid particles in the fluid phase by ensuring no-slip and no-

penetration boundary condition at the particle-fluid interface.

The thermodynamic density and dynamic viscosity of fluid

phase are qf , and l, respectively. For details about the computa-

tion of immersed boundary source term the reader is referred to

Garg et al.21 and Tenneti et al.20

In PUReIBM, the governing equations Eqs. B1 and B2 are solved

by imposing a periodic boundary condition on fluctuating variables.

The velocity field is decomposed into a spatially uniform mean flow

and a fluctuating velocity field u0 that is periodic as

uðx; tÞ ¼ huiVðtÞ1u0ðx; tÞ (B3)

where the volumetric mean velocity is defined as

huiVðtÞ ¼
1

V

ð
V

uðx; tÞdV (B4)

In the same way, the nonlinear term Si, pressure gradient gi,

and immersed boundary forcing Ru;i terms can be decomposed

and substituting the decomposed terms in Eqs. B1 and B2 yields

the mean momentum conservation equation

qf

@huiiV
@t

¼ hgiiV1hRu;iiV (B5)

The fluctuating velocity field needs to be divergence free, that

is

@u0i
@xi
¼ 0 (B6)

The conservation equation for the fluctuating momentum can

be obtained by subtracting Eq. B5 from Eq. B2, which is

qf

@u0i
@t

1qfS
0
i ¼ 2g0 i1lf

@2u0i
@xj@xj

1R0u;i (B7)

Taking divergence of Eq. B7 and using Eq. B6, the modified

pressure Poisson equation for the fluctuating pressure gradient

can be obtained

@g0IBM;i

@xi
¼
@R0u;i
@xi

2qf

@S0i
@xi

(B8)

The equations from Eq. B5 to Eq. B8 are solved to yield the

flow field around the granules in PUReIBM.
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